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m ■ Abstract 

In |ABD] ■ Abe, Buhl, and Dong showed that when L is a positive 
I definite even lattice, the vertex algebra and its irreducible weak 



a- 



modules satisfy the C2-cofiniteness condition. In this paper, we extend 
their results by showing that the vertex algebra and its irreducible 
weak modules are C2-cofinite when L is a negative definite even lattice 
and when L is a non-degenerate even lattice that is neither negative 
definite nor positive definite. 
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^ 1 Introduction 

(N 

2 i A vertex algebra V is said to be C2 cofinite if the subspace C2(y) = Spanc{ U-2V | m, f G 

I V } has a finite co-dimension in V. This is often called the C2 condition, and 

O ■ it was first appeared in fZ] when Zhu used this condition, as well as other 

assumptions, to show the modular invariance of certain trace functions. Since 
^ , its introduction, the C2-condition has proven to be a power tool in the study 

of theory of vertex algebras. In particular, it has played an important role 
in the study of structure of modules of vertex algebras which satisfy it (cf. 
[miDlM[CM[KLl[MTl[M2] ). 

The vertex algebras are one of the most important classes of vertex 
algebras along with those vertex algebras associated with lattices, affine Lie 
algebras and Virasoro algebras. They were originally introduced in the Frenkel- 
Lepowsky-Meurman construction of the moonshine module vertex algebra (cf. 
[FLM] ). When L is a positive definite even lattice, the representation the- 
ory of the vertex algebra is well understood. In fact, for such case, the 
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classification of all irreducible weak V^'-modules, and the study of the com- 
plete reducibility property of weak V^-modules was done by Abe, Dong, Jiang, 
and Nagatomo (see |All IA21 lADt IDJl IDN] ). Furthermore, the C2-cofiniteness 
property of such vertex algebra and its irreducible weak modules had been 
shown by Abe, Buhl, Dong and the second author (cf. [ABDl lYl]). It turned 
out that this C2-condition was one of the key ingredients for showing the com- 
plete reducibility of weak V^-modules. 

When L is a non-degenerate even lattice that is not positive definite, the 
classification of weak V^-modules are not completed yet. For the case when 
L is a rank one negative definite even lattice, the classification of irreducible 
admissible V^-modules was done by Jordan in [Jj. Later, in |Y2t IY3j . the 
second author classified all irreducible admissible V^-modules and showed the 
complete reducibility of admissible V^-modules for the case when L is a neg- 
ative definite even lattice of arbitrary rank, and when L is a non-degenerate 
even lattice that is neither positive definite nor negative definite. Note that 
an admissible module is a weak module that satisfies certain assumptions. 

In this paper, we take a further step in understanding the representation 
theory of the vertex algebra when L is a non-degenerate even lattice 
that is not positive definite by showing that such vertex algebra and its ir- 
reducible weak modules satisfy the C2 condition. We hope to use these results 
in the study of the complete reducibility of weak V^-modules when L is a 
non-degenerate even lattice that is not positive definite in the future. 

This paper is organized as follows. In Section 2, we review definitions of 
the vertex algebra, weak modules, and the cofiniteness C2-condition. Also, 
we study vertex algebras that satisfy a special condition and the roles of this 
condition on weak modules of such vertex algebras. These results will play 
important roles in Section 4. In Section 3, we review the construction of the 
vertex algebras and their irreducible weak modules. Finally, in Section 4, 
we show that the vertex algebra Vj]' and its irreducible weak modules satisfy 
the C2-condition when L is a negative definite even lattice and when L is a non- 
degenerate even lattice that is neither positive definite nor negative definite. 

This work was done while the first author was visiting Illinois State Uni- 
versity (ISU) from April 2008 to March 2009. P. J. thanks ISU Mathematics 
Department for their hospitality. 

Throughout this paper, Z>o is the set of positive integers. 

2 Vertex algebras and the C2-condition 

First we review definitions of vertex algebras, weak modules and the C2- 
condition. Next, we show that when V = C2{V), many types of weak V- 
modules and the tensor-product-vertex algebra that contains as a vertex 
sub-algebra satisfy the C2-condition. These will play important roles in Sec- 
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tion 4. 

Definition 2.1. ILLif A vertex algebra V is a vector space equipped with a 
linear map Y{-, z) : V ^ (End f i— >■ Y{v, z) = J2nez t^nZ~^~^ and a 

distinguished vector 1 eV which satisfies the following properties: foru,v G V 

1. UnV = for n >> 0. 

2. Yil,z) = idv- 

3. Y{v,z)l eV[[z]] and\im,^oY{v,z)l = v. 
4- (the Jacobi identity) 

Zo'S (^^) ^i)yiv, Z2) - z,H (^^) y{v, ^2)Y{u, z,) 
= z:^h(^-^^^ Y{Y{u,zo)v,Z2). 

We denote the vertex algebra just defined by (V", F, 1) or, briefly, by V . 
Definition 2.2. A Z-graded vertex algebra is a vertex algebra 

V = ©„gzK; for V eVn, n = wt v, 
equipped with a conformal vector G V2 which satisfies the following relations: 

• [L{m),L{n)] = {m — n)L{m + n) + ^^(m'^ — m)5m+nflCv for m,n E Z, 
where cv G C (the central charge) and 

Y{u;,z) = Y,L{n)z---^ ( = cu^^-"^-M ; 

• L(0)f = nv = (wt v)v for n G Z, and v G V"„; 

. YiL{-l)v,z) = fY{v,z). 

Definition 2.3. ILLif A vertex sub- algebra of a vertex algebra V is a vector 
sub-space UofV such that 1 E U and such that U is itself a vertex algebra. 

Definition 2.4. jLLif An automorphism of a vertex algebra V is a linear 
isomorphism of V such that g{l) = 1, and gY{v,z)u = Y{g{v), z)g{u) for 
u,v E V. 

Definition 2.5. IDLM0^ A weak V -module M is a vector space equipped with 
a linear map Ym{-,z) : V (EndM)[[2;, 2;"^]], v ^^ Ym{v,z) = "^"-^""""^ 
which satisfies the following properties: for v,u E V , and w E M 
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1. UnW = for n » 0. 



2. Y{l,z) =idM. 



3. (the Jacobi identity) 




Ym{u, zi)Ym{v, Z2) - 5 



Z2 - Zi 



-Zq 



) 



Ym{v,Z2)Ym{u, Zi) 



z^'6 




YMiY{u,Zo)v,Z2). 



Definition 2.6. An irreducible weak V-module is a weak V-module that has 
no weak V -suhmodule except {0} and itself. Here a weak suhmodule is defined 
in the obvious way. 

Definition 2.7. A weak V-module is completely reducible if it can he rewritten 
as a direct sum of finitely many irreducible weak V -modules. 

Proposition 2.8. /LLzJ / Let W he a weak V-module, and let (T) he a weak 
V -suhmodule ofW generated hy a suhset T of W . Then 



Here, w is a non-zero element in W . 

For the rest of this section, we assume that \^ is a Z-graded vertex 
algebra. 

Definition 2.10. We define 



V is said to satisfy the cofiniteness C2-condition ifV/C2iV) has a finite di- 
mension. 

Proposition 2.11. 

1. L{-l)u e C2{y) forue V. 

2. V-nU G C2{V) for u,v & V and n > 2. 

3. C2{V) is an ideal ofV with respect to [—1)^^ -product. 

4. V/C2{V) is a commutative associative algehra under {—ly^ -product. 



(T) = Spanc{ VnW \ vEV,nEZ,wET}. 



Corollary 2.9. // W is an irreducihle weak V-module then 



W = Spanc{ VnW \ v E V,n E Z }. 



C2{V) = Spanc{ U-2V \ u,v E V }. 
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Definition 2.12. Let M be a weak V -module. We define 

C2{M) = Sparici u^2W \ueV, w e M ]. 

The space M is called C2-cofinite if M/C2{M) has a finite dimension. 

The following is the key proposition. 

Proposition 2.13. Let W be an irreducible weak V -module. If V = C2{V), 
then W = C2iW). 

Proof. We first show that a„w G C2{W) for all a E V,w & W and n G Z. 
Clearly, this statement is true when n < —2. Since V = C2(y), one may write 

anW as 

j=l j=l i>0 ^ ^ 

Here u\v^ G V. By using an induction on n, we can show that a„w G C2(W) 
for aA\ a E V, w E W and n > —1. 

Next, by using the facts that W is irreducible and a„w G C2{W) for all 
a G V, w G W, and ri G Z, we can conclude immediately that W = C2(W). □ 

Corollary 2.14. Assume that V = C2iV). If a weak V -module M is com- 
pletely reducible, then M = C2{M). 

Proposition 2.15. Let V be a X-graded vertex algebra and let V be a Z-graded 
vertex sub-algebra ofV such that V = C2{V). IfV is completely reducible as 
a weak V -module, then V is C2-cofinite. In particular, V = C2{V'). 

Proof. By Corollary I2.14[ we can conclude that V = C2iy'). Since C2iV') is 
a subset of C2{V'), we then have that V = CiiV). □ 

Proposition 2.16. Let V^,...,V^ be Z-graded vertex algebras. Assume that 
= C2{V^) for some j G {1, ■ • • ,n}. Then ® ... ® V satisfies the C2- 
condition. In particular, ... = C2{V^ ® ... ® V"). 

Proof. The statements follow from the fact that 

= .■■■®C2{V^)®---®V'' 

□ 
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3 The vertex algebras and their irreducible 
weak modules 

In this section, we review the construction of the vertex algebra and its 
irreducible weak V^-modules. 

Let L be a rank d even lattice equipped with a non-degenerate symmetric 
Z-bilinear form (■,■). Set f) = C ®z L and extend (■, ■) to a C-bilinear form on 
P). Let [) = f) ® C[t, t~^] © Cc be the corresponding affine Lie algebra with the 
following commutator relations: 

[/3 ® t™, 7 ® r] = (/?, 7) mSm+nfiC and [c, = 

where /5, 7 G f) and m,n E Z. We consider the induced ^-module 

M(i) = u{i)) ^umcmc) c. 

Here, f) ® C[t] acts trivially on C, and c acts as a multiplication by 1. Then 
there exists a linear map Y : M(l) End{M{l))[[z, z'^]] such that M(l) 
becomes a simple Z-graded vertex algebra with the vacuum vector 1 and the 
Virasoro element uj = ^ Yfi=i ® 1 (see [FLM] l Here, . . . , /3d} is 

an orthonormal basis of (). 

Next, we let L be a canonical central extension of L by the cyclic group of 
order 2: 

1 ^ (k) ^ L ^ L ^ 

with the commutator map c(a,/3) = k^"'^^ for a,(3 G L. Let e : L ^ L be 
a section such that cq = 1 and let e : L x L ^ (k) be the corresponding 
bimultiplicative 2-cocycle. Then e(a,/3)e(/3, 
e(/9, 'y)e{a, /3 + 7) and 6^6/3 = e(a, /3)ea+/3 for a, /5, 7 G L. 

Let L° = { A G [) I (a. A) G Z for all a G L } be a dual lattice of L. There 
is a I/-module structure on C[L°] = ©AeL°Ce'^ such that k acts as —1. We set 
L° = Ujgio/^(L + Aj) be the coset decomposition such that Aq = 0, and we 
define C[L + A^J = ©oeLCe'^+^\ Clearly, C[L + A^] is a L°-module. Moreover, 
C[L + Aj] is a L-module under the following action: Cac'^'^^^ = e{a, P)e°'~^^~^^^ 
for a, P E L. 

For simplicity, we will identify e" with Cq, for a G L. Also, for a subset 
M of L°, we set C[M] = ©AeAfCe'^. Let 2; be a formal variable and /i G P). 
For A G we define actions of h and z'^ on C[L + A] in the following ways: 
h-e^ = {h, /5)e^; and ■ = z^^'^^e^. Now, we set 

Vl+x = M(l) ©C[L + A]. 

Clearly L, [), {h G [)) will act naturally on Vl+\ by acting either on M(l) 
or C[L + A]. For h E i), P E L, the vertex operators y(/i(— 1)1, 2;) and F(e^, 



6 



associated to h{—l)l and e^, respectively, are defined as follow: 
Y{h{-l)l,z) = h{z) = J2h{n)z' 



^— n— 1 



B(-n) _„\ / ^ P(n) I „ „ 



e""^ z'' 



n \ — ' n 

v71=l / \ 71=1 



The vertex operator associated with a vector v = '~fi{—ni)...'~fr{—nr)e^ for 
7i e [), rij > 1 and P E L is defined by 

Y{v,z) =: d^'''~^'>-fi{z)...d^''^~^'>-fr{z)Y{e^ , z) :, 

where 9'-"^ = ^ (^)" the normal ordering : ■ : is an operation which 
reorders the operators so that 7(n) {'j E i),n < 0) and to be placed to the 
left of 7(72) (7 G > 0) and z^. 

Theorem 3.1. fU \U lEL^ 

1. The space Vl is a simple Tj-graded vertex algebra with a Virasoro element 
^ = \ Yl'i=i hi{ — lY (S> e°. Here {hi \ 1 < i < d} is an orthonormal basis 
ofi). Moreover, M(l) is a Z-graded vertex sub-algebra ofVi- 

2. { Vi+Ai I ^ G L°/L } is the set of all inequivalent irreducible Vi-modules. 
Next, we define a linear isomorphism 9 : Vl+a^ — ^ ^l-a^ by 

if 2Ai ^ L and 

^(/?i(-ni)/?2(-n2)....A(-nfc)e'^+"0 

= (-l)'=C2A,e(/?,2A,)/?i(-ni)..../5fc(-nfc)e-^-"' 

if 2Aj G L. Here C2Ai is a square root of e(2Aj, 2Aj). Consequently, 6^ is a linear 
automorphism of Vl°- Moreover, 6 is an automorphism of Vl and M(l). 

For any stable 6'-subspace U of Vl°, we denote a ±1 eigenspace of U for 9 
by f/±. 

Proposition 3.2. fPM \DLMlf 

1. M(l)+ anc? are simple Z-graded vertex algebras. 

2. (Vl+a,; + Vl^x-)"^ for i G L° / L are irreducible weak -modules. More- 
over, if2Xi ^ L then {Vl+x^ + Vl^xJ"^, V^+a, and Vl-x, are isomorphic. 
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Let 1] = f) t2C[t, t ^] (BCc be the twisted affine Lie algebra with the 
commutator relation 

[f3 ® r , 7 ® t"] = 7) m6m+nfiC and [c, = 

where 7 e f) and m, n G Z + i. Next we let M(l)(^) = S{1) (g) t-^C[t-^]) be 
the unique irreducible f)[— l]-module such that c acts as 1, and when n > 0, 
/? ® acts on 1 as zero. 

By abusing the notation, we use 6 to denote an automorphism of L defined 

by 0{ea) = e_Q, and 9{k) = k. We set K = |a^^^^(a) | a G Also, we let 

X be a central character of L/K such that xif^) = ~1 we let be the 
irreducible L / K-modn\e with central character x- We define 

V^- = Miim®T^. 

We define an action of 6* on V^^ in the following way: 

1 T it 

Here, /3i G 1), nj G 2 +Z>o and t G T^. We denote by V^'" the ±l-eigenspace 
of Vf'^ for e. 

Proposition 3.3. jPLi^ Let x be a central character of L / K such that x{i'{i^)) = 
— 1 and let be the irreducible L/K-module with central character x- Then 
y^^' are irreducible weak -modules. 

4 The C2-cofiniteness condition of the vertex 
algebra and its weak modules 

When L is a positive definite even lattice, it was shown by Abe, Buhl and 
Dong, and the second author that the vertex algebras and their irreducible 
weak modules satisfy the C2 condition (cf. |ABDt lYlj ). In this section, we 
will extend their results to the case when L is a negative definite even lattice 
and when L is a non-degenerate even lattice that is neither positive definite 
nor negative definite. 

4.1 Case I: L is a rank one negative definite even lattice. 

For the rest of this subsection, we assume that L = Za is a rank one negative 
definite even lattice such that (a, a) = —2k. Here, A; is a positive integer. 
Let m G Z>o- For convenience, we set 

\/+(m) = M(l)+ ® © M(l)- ® F*". 
Clearly, V+ = M(l)+ © ©^^iV+(m). 
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Proposition 4.1. iDGilDM U^ 

1. As a vertex algebra, M (l)"*" is generated by the Virasoro element u and 
any singular vector of weight greater than zero. In particular, M(l)+ 
is generated by u and J where J = 1)^1 + 3)a(— 1)1 — 

2. The vertex algebra M(l)"'" is spanned by 

L(-mi) . . . L(-m,) J„„j . . . J_„,l 
where mi > ■ ■ ■ > nig > 2, ni > ■ ■ ■ > > 1. 

3. V^{m) is spanned by L{—ni)L{—n2)....L{—nr) ® where rij. > .... > 
n2 > ni > 1. 

Next, for m > 0, we set 

where Vj^{m, n) is the weight n subspace of V^(m). Clearly, V^{m, —km'^ + 6) 
has the following basis elements: 
Basis of Vj^{m, —krn^ + 6) 



= «(-6)F", g2 = «(-5)a(-l)E-, = «(-4)a(-2)E™, 

g^ = a{-A)a{-lfF"', g^ = a{-?,f E"^ , = a(-3)a(-2)a(-l)F™, 

g, = a(-3)a(-l)3E™, gs = a{-2fF^, g, = a(-2)2a(-l)2E-, 
gio = a(-2)a(-l)4F-, gu = 

Furthermore, the following elements form bases of V^{m, —km"^ + 5) and 
Vj^{m, —km? + 3), respectively: 

Basis of V^{m, —km^ + 5) 



= a(-5)F™, h = a(-4)a(-l)E", h = a(-3)a(-2)E-, 

U = a(-3)a(-l)2F-, h = a{-2fa{-l)F^ , f, = a{-2)a{-lfE"^, 

Basis of V^{m, —km^ + 3) 

hi = a(-3)F'", h2 = a{-2)a{-l)E"', = a^-lfF"". 

Lemma 4.2. The set { L{-l)fi, L{-3)hj, (a(-l)^l)_3E™ \ l<i<7, 1 < 
j < 3} is a basis ofVj^{m, —km^ + 6). 
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Proof. The table 1 describes expressions of L(— {i = 1, . . . ,7), L{—3)hj (j = 
1,2,3), and (a(-l)^l)_3^'" in terms of gi {I = 1,...,11). We will denote 
this table by a 11 x 11 matrix A. Since det A = — 6144m^/c^ (m^/c + 1), and 
m, k are positive integers, we can conclude that A is invertible. Moreover, 
L{-l)fi (2 = 1,...,7), L{-3)h, (j = 1,2,3), and (a(-l)H)_3^- form a 
basis of V^(m, — A;m^ + 6). □ 
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Table 1. 



Proposition 4.3. For m G Z>o, we have Vj^{m, —km? + 2n) is a subset of 
^2(^1^) when n > 3. 

Proof. By Proposition 12.111 and Lemma 1421 we can conclude immediately that 
V^{m, —km? + 6) is contained in C2{y^). 

Next, we will show that V^(m, — fcm^ + 2n) is a subset of C2(V^) for 
n > 4. Since {L{-2)fE'^ e C2iyl), it implies that for j > 4, {L{-2)yE"^ = 
{L{-2)y-^{L{-2)fE'^ G C2{Vl). By Proposition SH we can conclude fur- 
ther that V^{m, —km^ + 2n) is a subset of C2(V^) when n > 4. □ 

Theorem 4.4. For m G ^>0; ^i^(^) is a subset of C2{V^) . 

Proof First, we set exp(^^^^ ^2:") = Z]jlo^'i(^i' ^2, ••O-z-'- Since 

E_2fcna(-l)i^" = P4„fc-i(a)a(-l)®e"("+i)-p4nfc-i(-«)a(-l)®e-"^"+'^ 
+2A; (p4nfc(a) ® e"("+i) + p4nfc(-«) ® e-"("+i)) - 2kE^-\ 

and for n > 2, V^{n + 1, — A;(n + 1)^ + 4nk) is contained in C2{V^) (cf. 
Proposition US]), it follows that E"-^ G (72(1^^;^) for n>2. By Proposition O 
we can conclude further that V^(m) is a subset of C2(V^) for all m G Z>o- □ 

Theorem 4.5. satisfies the C2-cofiniteness condition. In particular, 

V^/C2m) = {Q + C2{V^)}. 
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Proof. We will show that = C2(V^). It is enough to show that M{1)^ is 
contained in C2(y^). Since E_2k-iE = Pik{(y) ® e^" +P4fc(— e~^" + 2 and 
V^(2) is a subset of C2(Vj^), these imply that 1 G C2(Vj^). By Proposition 
I4.H we can conclude that M(l)+ is a subset of C2{V^). Consequently, = 
C^iV^). □ 

Corollary 4.6. Every irreducible weak -module satisfies the C2- condition. 

Proof. This follows immediately from Proposition 12.131 and Theorem 14.51 □ 

4.2 Case II: L is a negative definite even lattice 

For the rest of this subsection, we assume that L is a rank d negative definite 
even lattice. 

Theorem 4.7. The vertex algebra is C2-cofinite. 

Proof We will show that = C2(V^+). We will follow the proof in [XBD] 
very closely. Let K he a direct sum of d orthogonal rank one negative definite 
even lattice Li, . . . , La- We write L = Uhzl/k^K + A,) as a direct sum of its 
coset decompositon with respect to K. Then Vl = ©jeL/A'^+Ai- 
Since 

it follows that = ^ Vl\ ®---®Vl1. Here | ± | = ±1. By using 
the fact that = C2{V^^) for all 1 < j < (i, we then have 

v^,®---® = C2 (\/+ ® ■ ■ • ® v^) . 

Since ® ■ ■ ■ ® V^^ is an irreducible weak ® ■ ■ ■ ® V^-module, it follows 
from Proposition 12.151 that = C2(V^). Since is completely reducible 
as a weak V^-module, we can conclude that = C2(Vj^) (cf. Proposition 

mSD. □ 

Corollary 4.8. Every irreducible weak Vj^ -module satisfies the C2-condition. 

4.3 Case III: L is a rank d non-degenerate even lattice 
that is neither positive definite nor negative definite 

Theorem 4.9. Assume that L is a non- degenerate even lattice of a finite rank 
that is neither positive definite nor negative definite. Then the vertex algebra 
and its irreducible weak modules satisfy the C2-condition. In particular, 
we have = C2(V^) and M = C2{M) for all irreducible weak -module. 

Proof. The proof is very similar to the proof of Theorem 14.71 In fact, we can 
obtain the above results by using the fact that L has a rank one negative 
definite even sublattice, and follow the proof in Theorem 14.71 step by step. □ 
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